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Nomenclature

streamwise varying function for separation of variables
cross-stream varying function for separation of variables
Mach number

static pressure

radial coordinate

strained coordinate

freestream velocity

streamwise coordinate
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= eigenvalue

= interface function

= velocity potential
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Subscripts

critical (first minimum) location

effective value

maximum value

slipline location

= total condition or perturbation level

= supersonic primary stream or perturbation level
= subsonic secondary stream or perturbation level
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Introduction

UPERSONIC ejector nozzles are currently of considerable in-

terest for aeropropulsion applications because of their noise
suppression and improved performance capabilities.! An important
limiting form of the ejector flow is represented by a freejet effluxing
into an infinite coflowing stream. Thus, the structure of the plume or
jet issuing from the main nozzle is of considerable interest to flight
system designers.

The problem is axisymmetric with an unconfined, supersonic pri-
mary stream and a subsonic secondary stream shear layer. Early
solutions for freejet flows were developed by Prandtl® and later by
Pai® based upon perturbations about inlet quantities. An improve-
ment was made by Pack,* who used a perturbation about the velocity
field at the slipline (vortex sheet).

Here, a modification to the streamline perturbation model of Pack
is derived using a strained coordinate technique that extends the
range of application to larger pressure ratios for jet flows. A com-
parison is performed to evaluate the strained coordinate solution for
available large-pressure ratio-freejet experiments.

Pack* developed a linear analysis for freejets using a perturbation
about the slipline. For axisymmetric ﬂows the slipline displacement
critical location (first minimum) x, is*

xc/2 = 1'22ﬂ1x (1)
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Equation (1) is limited to relatively small pressure ratios between
streams. Moreover, Pack’s solution admits the trivial solution of
¢1(x, r) = £(x) = O for p; = p,, which is not experimentally or
analytically valid,’ where £ describes the slipline displacement.

Analysis

To overcome the pressure ratio restrictions and singularity for
p1 = p» in Pack’s streamline perturbation analysis, a strained coor-
dinate slipline perturbation method has been formulated. A full de-
scription of the strained coordinate method may be found in Refs. 6
and 7. Motivation for the use of the strained coordinates comes from
the recognition that Pack’s analysis fails for large-pressure ratios be-
tween streams associated with large displacement of the interface.
Defining new coordinates that better approximate the location of
the slipline velocity boundary condition might be expected to give
a better solution.

The strained coordinate method starts by considering the solution
of ordinary differential equations resulting from a separation of the
variable solution of the governing small disturbance wave equation®
with ¢(x,r) = f(x)g(r) without invoking a boundary condition
transfer® approximation:
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where Jo(A,) =0andn =1,2,3,..
approximated as

‘S(x) ~ Em Sinz()‘nx/zﬁls)

.. The slipline displacement is

&m = Biye = BL,[1 — (U1/Uwy)]

3)
Since Pack’s solution is singular for zero displacement, £ = 0, a
stretching transformation for the displacement is introduced with
the displacement magnitude &, as the appropriate perturbation pa-

rameter. New (strained) coordinates are introduced as

x=s+X2(S)§n%+"' 1G]

where s is the new coordinate and x, (s) is to be determined. Simi-
larly, the basic solution is perturbed as

F=forbifit ®)

The expansions defined by Egs. (4) and (5) and their transformed
derivatives are substituted into Eq. (2) to yield a system of equations
for fo(s) and fi(s). The O(1) equation yields the expected simple
harmonic equatlon as Eq. (2) with £(x) = 0 and to O(&m ).
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To prevent the existence of solutions that grow unphysically large,
x2(s) is chosen so that it approximately eliminates the right-hand
side of Eq. (6). This can be considered as eliminating a forcing term
in a harmonic system.® One choice to approximately remove the
right-hand side of Eq. (6) is to set x,(s) = s/2; then x; = 0, and
the strained coordinate s is given by

s= %)

(1 + %s,é)

Following Lighthill,” since the (1) solution of Eq. (2) is the same
as the unstrained problem (except x = s), Eq. (7) is introduced into
the solution for the unstrained problem, Eq. (1). Since Eq. (7) in-
volves straining by a constant, Eq. (1) may be simply modified by
substitution of the strained coordinate. Additionally, since the cur-
rent formulation is valid for small pressure ratios because of the
stretching transformation of Eq. (4), the strained coordinate solu-
tions are modified using the particular solution referenced by Love
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Fig.1 Axisymmetric jet critical location vs pressure ratio for primary Mach numbers M; = 2.0 as predicted by strained coordinate solution, Eq. (8),
and Pack’s solution, Eq. (1), with comparison to the empirical correlation of Love et al’

Table 1 Comparison of strained coordinate model [Eq. (8)] with
empirical correlations of Love et al.’

RMS error, %,
Primary Mach number errrms = [1/N ) eim]] 1/2 Maximum relative
(p1/p2 = 1.0-20.0) N=20 error, %
1.2 6.34 9.48
20 1.15 5.44
3.0 4,12 5.19
4.0 9.03 10.10

et al.’ that is valid for pressure ratios precisely equal to 1. Thus, the
solutions may be written as follows:
Axisymmetric:

1
x./2 =122B4 — 0228, = 1.22(1 + %E,,’,)ﬁh —0.228:; (8)
and by analogy with Eq. (8), the two-dimensional solution is
1
x/2= 2~ P =2(1 4463 =B ©

Equations (8) and (9) are the final strained coordinate solutions
for the first minimum critical slipline location.

Comparison with Experiments

Figure 1 compares the strained coordinate solution, Eq. (8), with
the axisymmetric, freejet experiment of Love et al’> for several
primary Mach numbers, as well as with Pack’s solution, Eq. (1).
Figure 1 shows that the comparison between the strained coordi-
nate solution and the experimental data is reasonable and also a
considerable improvement over Pack’s solution. Defining a rela-
tive rms error between the method and the experimental correlation
yields the results presented in Table 1 for a pressure ratio range of

p1/p2 = 1.0-20.0. Table 1 shows that the strained coordinate so-
lution provides a good prediction of freejet critical locations over a
full range of Mach numbers and pressure ratios.

Conclusions

A linearized, potential flow solution for freejet, axisymmetric, and
two-dimensional flows has been developed based upon a strained
coordinate extension to Pack’s slipline perturbation solution. The
slipline is described by the streamwise location of the first mini-
mum of slipline displacement. Freejet experimental data were used
to check this solution and also to compare with other classical re-
lationships. The strained coordinate model provides good overall
results for a large range of Mach numbers (1.2-4.0) and stream
pressure ratios (1.0-20.0).

Note that the confining effects of the ejector flow are con-
tained within the basic small disturbance equation expansion terms,
Bis = IM%, — 1]'/2, and so the strained coordinated solutions, Egs.
(8) and (9), are directly applicable to supersonic ejector flows. The
closed-form result is useful for a number of applications includ-
ing preliminary design problems for which a computational fluid
dynamics simulation is inappropriate.
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Introduction

LOWS with supercritical speeds, which are characterized by

shock waves, are often accompanied by vortices of various in-
tensities. Both structures may interact, leading to impulsive noise
radiation. This phenomenon is observed in numerous external and
internal transonic flows. In the case of helicopter or cascade blades
operating at high-subsonic-flow Mach numbers, a shock that appears
on the low-pressure blade surface may interact with the vortex street
from preceding blades. Similarly, in an underexpanded jet, the vor-
tices at the shear layer periodically pass through the shock-wave
pattern of the jet, causing intensive noise.!

These aerodynamic problems have motivated many investiga-
tors to elucidate the physics of the shock—vortex interaction pro-
cess. Theoretical and experimental investigations have been done.
In the theoretical studies, analytical>® and numerical methods*—¢
were considered, and have been used to predict both the sound wave
formed at the region of interaction and the shock-wave deformation
when it passes through the vortex.

The theoretical investigations of the interaction process were per-
formed for a cylindrical vortex and a plane-incident shock wave.
This case also was examined ex perimentally by Dosanjh and Weeks’
and Naumann and Hermans,® who used a starting vortex shed from
the trailing edge of the airfoil when the shock wave passes over it.
The main result of both the theoretical and the experimental studies
is the finding that the two-dimensional vortex—shock wave interac-
tion produces a quasicylindrical sound wave (Fig. 1) of nonuniform
strength; the strength of the sound wave decreases along its front
with increasing distance from the triple point A. However, to some
extent a different wave pattern can be expected when the ring vortex—
shock wave interaction appears in an axisymmetric flow. Also, when
the flow in a jet occurs along the axes of the ring vortex, it can influ-
ence the sound-wave configuration. This problem is studied in the
present paper for the head vortex of a starting jet.

Apparatus

A conventional shock tube, internal diameter D = 50 mm, was
used in the experiments. A starting jet was incident on a perpen-
dicular wall placed at a distance of two tube diameters from the
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shock-tube exit. The free jet was visualized by means of a schlieren
system in which a spark source of flash duration about 1 us was
used for a illumination. The shock-wave Mach number in the shock
tube was determined by measuring the time traveled by the shock
wave over a test distance of 100 mm.

Results

A set of photographs (Fig. 2) shows the successive phases of
the vortex—shock wave interaction process for the jet-flow Mach
number M = 0.65 (the jet-flow Mach number was calculated on
the basis of the shock-wave Mach number). The first photograph
shows a bow shock wave reflected at the wall and a head vortex
just before interaction. The central part of the shock wave moves
slowly because of the opposite flow caused by the jet (photograph
2). Because of this effect, the shock wave loses its previous shape,
which is analogous to the two-dimensional flow case.® However,
in contrast to the two-dimensional case, the shock deformation is
now much stronger owing to the high velocity of the jet flow. In
the stage shown in photograph 4, three shock-wave elements can
be distinguished: 1) a nearly normal shock wave in the vortex plane
moving slowly upstream; 2) an undisturbed bow shock wave outside

Fig. 1 Wave pattern for a cylindri-
cal vortex—plane shock wave interac-
tion (from Ref. 8): 1) shock front, 2)
sound wave, 3) contact surface, and A)
triple point.

Fig.2 Schlieren photographs showing the transient flow patterns dur-
ing the ring vortex-shock wave interaction. Delay time (ms) in relation
to the moment when the shock wave leaves the tube: 1) 0.56, 2) 0.59,
3) 0.615, 4) 0.65, 5) 0.69, 6) 0.71, 7) 0.76, 8) 0.8, and 9) 0.95.



